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Abstract 

In [Xiang Zhang, The embedding flows of C°° hyperbolic diffeomor- 
phisms, J. Differential Equations 250 (2011), no. 5, 2283-2298] Zhang 
proved that any local smooth hyperbolic diffeomorphism whose eigen- 
values are weakly nonresonant is embedded in the flow of a smooth 
vector field. We present a new, simpler and more conceptual proof 
of such result using the Jordan- Chevalley decomposition in algebraic 
groups and the properties of the exponential operator. 

We characterize the hyperbolic smooth (resp. formal) diffeomor- 
phisms that are embedded in a smooth (resp. formal) fiow. We intro- 
duce a criterium showing that the presence of weak resonances for a 
O . diffeomorphism plus two natural conditions imply that it is not embed- 

-.^ . dable. This solves a conjecture of Zhang. The criterium is optimal, we 

O ' resonances if we remove any of the conditions. 

1. Introduction 



provide a method to construct embeddable diffeomorphisms with weak 



k> i We are interested on studying embedding flows for real analytic, 

?H I complex analytic and C°° local diffeomorphisms. 

^ ' We denote by Xoo (M", 0) and Diff ^ (M", 0) the C^ local singular vec- 

tor fields and diffeomorphisms respectively defined in a neighborhood 
of e M". 

We denote by X(W^,0) (resp. A'(C"',0)) the set of germs of real 
analytic (resp. complex analytic) vector fields which are singular at 0. 
The formal completion of these spaces are denoted by A'(]R", 0) and 
X{C^, 0) respectively. Indeed a formal vector field X G X{C^, 0) is an 
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expression of the form 



" d 

^^aj{zi,. . . ,2;„)— where Oi,.. . ,a„ G m 



i=i 



dZj 



and m is the maximal ideal of C[[2i, . . . , 2„]]. Moreover X belongs to 
A'(M", 0) if and only if all the coefficients of the power series ai, . . ., a„ 
are real. 

We define Diff (M",0) (resp. Diff(C",0)) the group of local real an- 
alytic (resp. complex analytic) diffeomorphisms defined in a neighbor- 
hood of G C". We denote by Diff (M", 0) and Diff (C", 0) respectively 
their formal completions. A formal diffeomorphism ip G Diff (C",0) is 
an expression of the form 

{ai{zi, . . . , Zn), . . . , an{zi, . . . , Zn)) where ai, . . . , a„ G m 

such that its first jet is an invertible linear operator. The set Diff (C", 0) 
is a group for the composition. The composition in Diff (C", 0) is de- 
fined in the natural way by taking the composition in Diff (C", 0) and 
passing to the limit in the Krull topology (see Q], page 204). 

We say that y? G Diff oo(M", 0) (resp. Diff (M", 0), Diff (C", 0), Diff (R", 0), 
Diff (C", 0)) has an embedding flow ii there exists X G ^"00(1^", 0) (resp. 
A'(M", 0) , A^(C", 0) , ;r(M", 0) , i'(C", 0) ) such that ^ = exp(X), i.e. ^ 
is the 1 time flow of X. This concept is deflned even if X is for- 
mal, in fact exp(X) is a formal diffeomorphism such that j'^exp(X) = 
j^exp(Xfc) for any A; G N where X^. is an analytic vector fleld such that 
fX = fXk. 

The embedding flow problem is classical. For instance the embedding 
flow problem has been deeply studied for 1-dimensional real diffeomor- 
phisms (see [I[] [0] 1^ [Q])- P^lis proved for arbitrary dimension that 
the C^ diffeomorphisms in a compact manifold that are embedded in 
a C^ flow form a meagre set WE . 



Let if G Diff(C,0) be a one variable complex analytic diffeomor- 
phism such that j^if ^ Id. The embedding flow problem is equivalent 
to the linearization problem. Indeed (f is embedded in a local complex 
analytic flow if and only (p is analytically linearizable. Moreover ip has 
a formal embedding flow in X{C, 0) if and only if ip is formally lineariz- 
able. In the case j-^ip = Id and ip ^ Id the diffeomorphism ip is always 
embedded in a formal flow whereas it has an analytic embedding flow 
if and only if the Ecalle-Voronin invariants of ip are trivial 



Even in the one dimensional case there are consequences regarding 
integrability of complex analytic foliations. Given a complex analytic 
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codimension 1 foliation T and a leaf C, we can associate to C its lio- 
lonomy group H,. It can be interpreted as a subgroup of Diff (C,0). 
The integrability of the foliation is related to the solvable nature of 



these holonomy groups [16]. The existence of embedding flows, in the 
solvable case, for the elements of the group is related to the existence 
of analytic first integrals, integrating factors... In a different but analo- 
gous context the existence of embedding flows has been applied to find 
analytic inverse integrating factors in the neighborhood of limit cycles 
and elementary singular points of real analytic planar vector fields []^. 
Our point of view in the embedding flow problem is based on taking 
profit of the Jordan- Chevalley decomposition in algebraic groups. More 
precisely any yj G Diff (C", 0) can be written uniquely in the Jordan 

multiplicative form (y9 = Lps°^u = fu^fs where (ps, fu ^ Diff (C", 0), ips 
is formally conjugated to a diagonal linear transformation (semisimple 
part) and j^fu is a unipotent linear operator (unipotent part). Analo- 
gously any X G A:'(C", 0) can be written in a unique way in the Jordan 
additive form X = Xg + X^ where Xg, Xn G A:'(C", 0) , Xg is formally 
conjugated to a diagonal linear vector field (semisimple part), j^X^ is a 
nilpotent linear operator (nilpotent part) and [Xs,Xiv] = 0. A positive 
outcome of the decomposition is that we obtain a natural normal form 
for (f by linearizing (fg. Moreover, since afiine algebraic groups con- 
tain the semisimple and unipotent parts of all their elements (see 15.3, 
page 99 |jTO|) we can use the Jordan- Chevalley decomposition to study 
invariant structures by the action of a diffeomorphism. For instance 
given / G C[[zu . . . , z„]] the set G = {^ G Diff (C", 0) : / o (^ = /} is 
a group defined by algebraic equations on the coefficients of ip. Hence 
yj G G implies (fg E G and (pu £ G. This is a simplification since 
ifg is formally linearizable and the properties of </?„ can be interpreted 
on terms of the properties of a formal vector field (the so called in- 
finitesimal generator). This perspective was used to study invariant 
and periodic (invariant for an iterate) analytic and formal curves by 
elements of Diff (C2,0) ^. 

Let us focus on the embedding problem for elements (^ of Diff (M", 0). 
Consider a real linear vector field Xi G A'(]R"',0) such that j^ip = 
exp(Xi). We can suppose that Xi is in Jordan normal form. The 
linear operators Xi and j^ip have eigenvalues /xi, . . ., fin and Ai = 
e^^, . . ., A„ = e^"- respectively. Consider the Jordan additive (resp. 
multiphcative) decomposition Xis + Xijv (resp. (j^V')s ° (jV)«) of Xi 
(resp. of j^f). We say that a monomial w^^ . . . w'^Cj, where Cj is the 
jth element of the canonical base of C", is 

• resonant if A°^ . . . AJ!^"Aj^ = 1. 
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• strongly resonant if aifii + . . . + anfin ~ f^'j = 0. 

• weakly resonant if aifii + . . . + anfin — l^j ^ 27riZ*. 
Resonant implies either strongly or weakly resonant. A monomial 
w"^ . . . w'^Cj is resonant if and only if it commutes with {j^^)s- More- 
over wl"" . . .w'^Cj is strongly resonant if and only if the Lie bracket 
[wi^ . . .w'^dldwj.Xi^s] is equal to 0. Resonances and strong reso- 
nances are resonances of the semisimple parts of j^y? and Xi respec- 
tively. We say that the eigenvalues of Xi are not weakly resonant if 
there is no weakly resonant monomial of degree greater or equal than 
2. In such a case both concepts of resonance coincide. Zhang proves 
in this setting that there is existence and uniqueness of the embedding 
flow. 



Theorem 1.1. [|19| Let Lp G Diff (C",0) he a formal dijfeomorphism. 
Let Xi he a linear vector field such that j^ip = exp(Xi) and whose 
eigenvalues are not weakly resonant. Then there exists a unique X in 
fYfC", Oj such that j^X = Xi and (p = exp(X). Moreover X helongs 
to A'fM", O; z/ (^ G Diff (M'^, 0) and Xi e XfR", 0) . 

The solution of the embedding flow problem in the formal setting has 
implications in the C°° setting. The existence of an embedding flow for 
a hyperbolic element if of Diffoo(IR",0) is equivalent to the existence 
of an embedding flow for its asymptotic development (p G Diff (M*^, 0) 
at the origin by a theorem of Chen . 

Theorem 1.2. [|l9l Let ip G Diffoo(ffi",0) he a hyperholic diffeomor- 



phism. Let Xi he a linear real vector field such that j^ip = exp(Xi^ 
and whose eigenvalues are not weakly resonant. Then there exists 
X G Xoc^iM", 0) such that j^X = Xi and (p = exp(X). 

The proof of theorem |1.1| is obtained by doing an inductive process 
of calculations in the jet level. We introduce a simpler and much more 
conceptual proof by using the Jordan-Chevalley decomposition of vec- 
tor flelds and diffeomorphisms and the properties of the exponential 
operator. Calculations are almost no longer required since they are 
encapsulated in the linearization of the semisimple parts. Zhang shows 
that the formal diffeomorphism can be considered in normal form up 
to a formal change of coordinates and then calculates the embedding 
flow. The first step can be achieved directly by linearizing the semisim- 
ple part of the formal diffeomorphism. Then it is easy to check out that 
Xi^s + log <Pu is the expression of the embedding flow. The formal vec- 
tor fleld log(pu G A'(C", 0) is the inflnitesimal generator of ipu, i.e. the 
unique nilpotent vector fleld such that ipu = exp(\og(p>u)- 
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We compare the concepts of embedding flow in A'(M", 0) and A'(C", 0) 
for formal diffeomorpliisms in Diff (M",0). They coincide if the linear 
part of the embedding flow is required to be real. 

Theorem 1.3. Let ip G Diff (]R",0). Suppose that ip is of the form 
exp(X) for some X G A'fC", 0) with j^X G A'fM", 0) . Then there 
exists Y G XfR"", 0) such that ip = exp(F) and j^Y = j^X. 

We characterize the diffeomorphisms in Diff (M", 0) and Diff (C", 0) 
having an embedding flow via a normal form theorem. 

Theorem 1.4. Let <p G Diff(R",0) (resp. Diff(C",0);. Let Xi be 
a linear element of X(R'^,0) (resp. X(C"',0)) such that Xi^g is di- 
agonal and j^ip = exp(Xi). Then ip is embedded in a formal flow X 
with j^X = Xi if and only if there exists a tangent to the identity 
Tj G Diff (M", 0) (resp. Diff (C", 0)j such that ri°^^^^ o ip o rj is strongly 
resonant (with respect to Xi^g). 

Let us remind that rj G Diff (C", 0) is tangent to the identity if 
j^rj = Id. By definition a formal diffeomorphism is strongly resonant 
if all its non- vanishing monomials are strongly resonant. 

The first examples of hyperbolic diffeomorphisms if = Az + Odzl"^) G 
Diffoo(M'',0) (resp. DiflF (M", 0)), such that A has a real logarithm 
B, without embedding vector fields are provided by Zhang |T^. He 



conjectures that if (p has a non- vanishing weakly resonant monomial 
then it can not be embedded in a C°° (resp. real analytic flow). We 
provide a method to build counterexamples to the conjecture given by 
resonant diffeomorphisms. We single out two counterexamples that 
are particularly relevant. Each of them implies that an extra condition 
should be added to obtain a positive result. Then we prove that in the 
new setup the conjecture is true. As a consequence our examples can 
be considered as a classification of the type of counterexamples to the 
original conjecture. 

Theorem 1.5. Let A G GL{n, C) be a matrix. Let Xi be a logarithm of 
A such that Xi^s is diagonal and [Xi^n, Y] = for any weakly resonant 
vector field Y . Consider ^p = Az + f2 + . . . + fk + ■ ■ ■ in Diff oo(K", 0) 
(resp. Diff(]R",0), Diff (C",0)^. Suppose that ip satisfies one of the 
following conditions: 

(a) /2 = • • • = fk~i = and fk contains non-vanishing weakly 
resonant monomials. 

(b) Az + /2 + • • • + fk-i is strongly resonant, there is no weakly 
resonant monomial of degree 2 < d < k — 1 and fk contains 
non-vanishing weakly resonant monomials. 



6 JAVIER RIBON 

Then ip is non-embeddable in the flow of a vector field X G A'oofM", 0) 
(resp. X(R'',0), X(C'',0)) such that j^X = Xi. 

Let us clarify that fj is homogeneous of degree j for j > 2. Reso- 
nances are considered with respect to Xi g. 

The condition (a) is weaker than (b) if /2 = . . . = fk-i = 0. Other- 
wise no condition is stronger than the other. 

Let us remark that for instance in conditions (a) and (b) of the pre- 
vious theorem the diffeomorphism ip is not suppposed to be in normal 
form, or in other words to be resonant. Moreover we do not suppose in 
condition (a) that there are no weakly resonant monomials of degree 
2 < d < k — 1, or equivalently that there is uniqueness of the embedding 
flow until order at most k — 1. 

2. Real vector fields 

We introduce some useful concepts to study real C°° or analytic 
diffeomorphisms. They include real vector fields, the exponential oper- 
ator, the Jordan-Chevalley decomposition of diffeomorphisms, analysis 
of resonances and linearization. The results in this section are classical 
and they are included for the sake of completeness. 

Definition 2.1. We say that X is a formal vector vector field and we 
denote X G XfC"", 0) if X is a derivation of the C-algebra m where m 
is the maximal ideal of C[[zi, . . . , Zn]]- We can express X G X(C^, 0) 
in the more usual notation 

X = X(zi)^— + ... + X(z„' 



dzi dzn 

We say that X is a holomorphic vector field if X (mo) C mo where mo 
is the maximal ideal ofC{zi, . . . , Zn} We denote by XfC"-, 0) the set of 
local holomorphic vector fields in a neighborhood of in C". 

Definition 2.2. We denote by A'oofM", 0) the set ofC°° singular vector 
fields defined in a neighborhood ofO in R". We denote by Diff oo(R"^, 0) 
the set of C°° diffeomorphisms defined in a neighborhood of in M". 

Definition 2.3. Let X G X(C^, 0) be a formal vector field. We say 
that X is real if 

a*X = ^* (- {Re{X) - iIm{X)U = - {Re{X) + iIm{X)) 

for a{zi, . . . ,Zn) = (zT, . . . ,'z^i). We define XfW", 0) the set of real 
formal vector fields. We define A'fM", O; = A'fC", O; n A'fM", O; . 
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A good example is the vector field d/dz = {l/2){d/dx — id/dy). 
We have Re{d/dz) = d/dx and Im{d/dz) = d/dy. The complex 
conjugation a = z is oi the form <7{x,y) = {x,—y) in real coordi- 
nates {z = X + iy). Then a preserves Re{d/dz) whereas it conjugates 
Im{d/dz) and —Im{d/dz). The vector field d/dz is real. On the con- 
trary id/dz = {1 /2){d / dy + id / dx) is not real since Re{id/dz) = d/dy 
is not preserved by a. The real vector field Re{d/dz) preserves the real 
line M whereas Re{id/dz) does not. The proof of the next lemma is 
straightforward and it is omitted. 

Lemma 2.1. Let X G X(C"', 0) . The following conditions are equiva- 
lent: 

• X is real. 

• a*Re{X) = Re{X). 

• a*Im{X) = -Ini{X). 

• X is of the form 

with a]^ ^^ G M VI < A; < n VO < ji, . . . , j„. 

Definition 2.4. We say that ip is a formal endomorphism and we de- 
note ip G End (C", 0) ifip is a C-algebra homomorphism of the maximal 
ideal of C[[zi, . . . , Zn]]- We can express ip G End (C", 0) in the more 
usual notation 

de f 

(p = {zi o (p^ . . . ^ Zn o <p), Zj o (p = <p{zj) for 1 < j <n. 

We say that ip is a formal diffeomorphism if >p is an isomorphism. We 
say that p) is holomorphic if p>{xno) C mo where nxo is the maximal ideal 
of C{zi, . . . , Zn} . 

Definition 2.5. We denote by Diff (C", 0) the set of formal diffeomor- 
phisms. We denote by Diff (C",0) the set of local holomorphic difjeo- 
morphisms in a neighborhood of in C". 



Definition 2.6. Let ip G End (C", 0). Ifaop)oa = pj (see def ^T 
we say that p) is real. We define Diff (M", 0) the set of real elements 
of Diff (C^, 0) . We define Diff (M", 0) = Diff (C", 0) n Diff (R", 0) . A 
formal endomorphism p> is real if and only if the formal power series 
zio p)j . . ., Zn° p> have real coefficients. 

Remark 2.1. A formal endomorphism p> = [ipi, . . . , </?„) G End (C^, 0) 
is real if and only if the formal vector field Yl'i=i fj^/^^j ^-^ ^^^a/. 
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2.1. Exponential operator. Consider a vector field X G A:'oo(IR",0) 

(or X e XiC", 0) ). We denote exp(tX) the flow of the vector field X, 
it is the unique solution of the differential equation 

^exp(tX) = X(exp(tX)) 

with initial condition exp(OX) = Id. We define the exponential exp(X) 
of X as exp(lX). It is a C°° local diffeomorphism if X e A'oo(M'^, 0) . 
Moreover exp(X) is a holomorphic diffeomorphism if X G X{C"', 0) . 

We can extend the definition of the exponential operator to formal 
vector fields as an operator acting on formal power series. Given X in 
;^(C",0) we define 



exp(X) : C[[zi, . . . , Zn]] -^ C[[zi, . . . , Zn]] 

where X<^\g) = g and X°^^+^\g) = X{X°'^^\g)) for j > 0. Notice 
again that we interpret a formal vector field as a derivation on the ring 
of formal power series. Both definitions of exponential coincide if X is 
convergent, i.e. {exp{X)){g) = g o exp(X) for any g G C[[zi, . . . , z„]]. 
We have 




exp{X){zi,...,z„ 

i=o 

in the usual notation. Since the coefficients of the exponential series 
are real the exponential of a real formal vector field is a real formal 
diffeomorphism. 

Definition 2.7. Let cp G Difroo(M",0) (resp. Diff(M",0), Diff (C",0), 
Diff (C", 0)). We say that ip is embedded in a C°° flow (resp. real 
analytic , holomorphic, formal flow) if there exists X G X^(M^,Q) 
(resp. A'flR",0;, X(C^,{]), X(W,{])) such that p> = exp(X). 

Definition 2.8. Let X G A'^C", 0) . We say that X is nilpotent if the 
first jet j^X of X is nilpotent. We denote by Xn(C^,0) the set of 
formal nilpotent vector fields. 

Definition 2.9. Let (f G Diff (C",0). We say that (f is unipotent if 
j^if is unipotent, i.e. 1 is the unique eigenvalue of j^(f. We denote by 
Diff u(C",0) the set of formal unipotent diffeomorphisms. 

Lemma 2.2. (see [§, ^) The mappingexp : Xn(C'',0) -^ iSiff „(C",0) 
is a bisection. 
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Definition 2.10. Let ip G Diff„(C",0). The unique nilpotent formal 
vector field logip such that ip = exp{logip) is called the infinitesimal 
generator of (p. 

Let us consider ip G Diff„(C",0) as an operator acting on power 
series Id + 6. More precisely 6 : C[[2;i, . . . , z„]] — )■ C[[2;i, . . . , z„]] is 
defined by Q{g) = g o ip — g ioi any g G C[[2;i, . . . , Zn]]. We have 



li+i 



for any g G C[[zi, . . . , z„]]. Since tlie coefficients of tfie power series 
log(l + 2) are real tlien log associates real formal nilpotent vector fields 
to real formal unipotent diffeomorphisms. 

2.2. Jordan-Chevalley decomposition. Let us recall here some known 
results ||13| on the jordanization of diffeomorphisms and vector fields. 



Let m the maximal ideal of C[[2;i, . . . , 2;„]]. Any formal diffeomor- 
phism ip G Diff (C^, 0) acts on the finite dimensional complex vector 
space m/m'^"'"^ of /c-jets. More precisely ip defines an element ipk of 
GL(m/m''+^) given by 

g + m''+^ i-> g o ^p + m''+^ 

Analogously a formal vector field X G X{C^, 0) defines an element Xk 
of G'L(m/m^+^) given by 

(3) 






Consider the group Df, C GL(m/m*^"'"^) defined as 

Dk = {ae GL{m/m''+^) : a{gh) = a{g)a{h) V^, h G m/m'=+^}. 

We define the Lie algebra L^ C End{m/m''~^^) as 

Lfc = {7 G Enrf(m/m'=+i) : -f{gh) = ^{g)h + g^{h) ^g, h G m/m'^+i}. 

Any 7 G -En(i(rri/m^^^) admits a unique additive Jordan decomposition 
7 = 7s + 77V where 7^ is semisimple (or equivalently diagonalizable) , 
7Ar is nilpotent and [7s,77v] =0. If 7 is a derivation, i.e. 7 G L^, then 
both the semisimple and nilpotent parts 7^ and 'Jn are derivations and 
belong to L^ (see Lemma B, page 18 0). 

The equations of the form a{gh) = a{g)a{h) are algebraic in the co- 
efficients of a G GL(m/m^"'"^). Thus Dk is an algebraic group, indeed 
it is the subgroup {ipk : ip> G Diff (C"',0)} of actions on m/m'^''"^ given 
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by formal diffeomorphisms. Moreover a admits a unique multiplica- 
tive Jordan decomposition a = a^ o a„ where a^ is semisimple, a„ is 
unipotent and a^ o «„ = «„ o a^. The Jordan- Che valley decomposition 
in algebraic groups implies a^, a^ € Z^fc (see section 15.3, page 99 [p!0[] ). 



An element a of Z^fc+i satisfies ^(m'^+V^'^'''^) = m'^+Vi^'^''^^- There- 
fore a induces a unique element in D]~. In this way we define a mor- 
phism VTjt : -Dfe+i — ;■ -D/t of algebraic groups. It satisfies 7rfc((/)fc+i) = ^k 
for all (y9 G Diff (C", 0) and fc G N. The Jordan decomposition is 
preserved by tt^. More precisely we obtain T^ui^Ph+x,^ = '^k,s and 
7ikiVk+i,u) = ^k,u for all ip G Diff (C",0) and A; G N. As a conse- 
quence there exist ips,fu ^ Diff (C", 0) such that {fs)k = fk,s and 
(<^«)fc = <Pk,u for all (^ G Diff (C", 0) and keN. 

Since (v?s)a; is diagonalizable for any fc G N it can be proved that ips is 
formally diagonalizable by induction on k (see lemma |2.9| ). The formal 
diffeomorphism ip^ satisfies that {(pu)k is unipotent for any A; G N. It is 
easy to see that this is equivalent to the unipotency of jVm = (v^m)i- 
The next proposition summarizes the previous discussion. 

Proposition 2.1. Let ip G Diff (C^, 0). Then there exist unique formal 
diffeomorphisms (ps, ipu G Diff (C", 0) such that (p = (p^ o (p^ = ip^o ip^, 
ips is formally diagonalizable and (pu is unipotent. 

The next result is the analogue for vector fields. It is obtained by 
considering the additive Jordan decomposition. 

Proposition 2.2. Let X G X(C"', 0) . Then there exist unique formal 
vector fields X^, X^ G A'fC", 0) such that X = X^ + X^, [X^, Xn] = 0, 
Xg is formally diagonalizable and Xjq is nilpotent. 

The following results are a direct consequence of the real nature of 
the Jordan decomposition. 

Lemma 2.3. Let X G X(W\ Oj . Then X, and Xn are real. 

Lemma 2.4. Let if G Diff (M", 0). Then ips and ipu are real. 

2.3. Real monomials. Let ip G Diff (M", 0). We can suppose that 
j^ips is a diagonal transformation in some coordinates {wi, . . . ,Wn) of 
C" up to a linear change of coordinates. The components of the diffeo- 
morphism (p are not anymore real power series if there exists a complex 
non-real eigenvalue oi j^ip. We are interested on working on coordinates 
making (p>s is as simple as possible. As a consequence it is necessary to 
characterize the real nature of endomorphisms and vector fields in the 
new coordinates. 
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Fix a real matrix M = M^ + M^ e EndiW) such that M, is in 
real Jordan normal form. For instance such a property holds true if M 
itself is in Jordan normal form. The matrix Mg is diagonalizable. Its 
real Jordan blocks are of the forms 

(4) J = ( ^ "^ J for A, /i e M and (/3) for (3 eR. 

Consider coordinates {zp, Zp^i) in the former case. The complex Jordan 
normal form is obtained by considering the linear change of base 

(5) f ^O = M M f ^^ 

We define p{p) = p+1 and p{p +1) = p. If the block is of the form {P) 
in a coordinate Zg we define Wg = Zg and p{q) = q. It is convenient to 
work in the coordinates {wi, . . . , Wn) since the matrix on the left-hand 
side of expression @ becomes 

X + ip 
A — z/i 

The matrix of the operator Mg in coordinates {wi, . . . , Wn) is diagonal. 
We denote (71, ... , 7„) the eigenvalues of the matrix M in coordinates 
{wi, . . . , Wn)- We obtain jj = '^p{j) for any 1 < j < "n, by construction. 
Consider a monomial f) = Xwi" . . . w'^ Cj where A G C and Cj is the j th 
element of the canonical base of C". We denote [) = A^(7"^^ . . . w;"?^^ep(j). 
We obtain that 

is the decomposition in real and imaginary parts of [) (see def. 12] 



Definition 2.11. Let M G End{W^) he a semisimple matrix. We say 
that M is diagonal if it is in real Jordan normal form. In such a case 
we consider the coordinates {zi, . . . , Zn) and {wi, . . . , Wn) associated to 
M above. 

Remark 2.2. Given a matrix M G End{W^) we consider that it is in 
normal form if Ms is diagonal. We do not require M to be in Jordan 
normal form. One reason is that the condition in the semisimple part 
is simpler. A deeper reason is that this choice of normal forms is 
preserved by the exponential. More precisely if M is in real Jordan 
normal form then exp(M) is not necessarily in Jordan normal form 
whereas if Mg is diagonal then exp(M)s is diagonal. 
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Definition 2.12. We say that \w^^ . . -W^Cj (or \w^^ . . .w^"d/dwj) 
is monomial of degree ai + . . . + a„. We say that a polynomial is 
homogeneous of degree k if it is a sum of degree k monomials. 

Definition 2.13. We say that Xw^^ . . ■w'^ej (or Xw^^ . . .w'^d/dwj) 
is strongly resonant (with respect to M) if '-/j =< '~f,a >= X]fc=i7fe'^fc- 

Remark 2.3. Let i) = tu"^ . . . w'^"d/dwj. We have 



(7) 



.fc=i " . 



(<7,a> -7j)f). 



Then i) is strongly resonant if and only if Efc=i7fc'U^fc<9/(9u'fc, ()] = 0. 

Definition 2.14. We say that Xw^^ . . -W^Cj (or Xw^^ . . .w^"d/dwj) 
is weakly resonant (with respect to M) if '^j— < 7, a >G 27riZ*. We 
say that the eigenvalues (71, ... , 7„) are weakly resonant if there exists 
a weakly resonant monomial of degree greater than 1 . 

Definition 2.15. We say that Xw^^ . . . w'^^Cj (or Xw^^ . . . w'^"d/dwj) is 
a resonant monomial if it is either strongly or weakly resonant. Equiv- 
alently the monomial is resonant if e"'^ = (e'^i)"^ . . . {e"'")"'"- . 

Remark 2.4. Let i) = w^;^ . . . w^"ej. We have 

(e^^wi, . . . ,e^"w„)°(-i)of)o(e''iwi, . . . ,e^"ti;„) = e-^^-(e^')"' • • • {e^"T"i)- 

Then i) is resonant if and only if it commutes with {e'^'^Wi, . . . , e'^"Wn). 

Definition 2.16. We say that a formal endomorphism (resp. vector 
field) is resonant (resp. strongly, weakly resonant, nonresonant) if all 
its non-vanishing monomials are resonant (resp. strongly, weakly res- 
onant, nonresonant). 

The property 7J = 7p(j) for any 1 < j < n implies 

Lemma 2.5. We have that w"^ . . ■w'^"ej is resonant (resp. strongly, 
weakly resonant) if and only if w°^ii\ ■ ■ ■w"l^~.ep{^j) is resonant (resp. 
strongly, weakly resonant). 

Lemma 2.6. Let f) = Aw"^ . . . w'^"d/dwj be a strongly resonant mono- 
mial. Let t = fiWi . . . w^d/dwk be a monomial. 

• [i),i] is strongly resonant if i is strongly resonant. 

• [i),i] is weakly resonant if i is weakly resonant. 

• [t),t] is nonresonant if i is nonresonant. 

Lemma 2.7. Let cp E Diff (C", 0) with j^y? = exp(Xi) where Xi is 
a real linear vector field such that Xi^^ is diagonal. Suppose that ip is 
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strongly resonant (resp. resonant) with respect to Xi^g- Then log (fu is 
strongly resonant (resp. resonant). 

Proof. We have Xi^^ = Yll=i IkWkd/dwk- Thus = {e^^Wi, . . . , e'^"u;„) 
commutes with ip by remark |2.4| . We have that 

j V = exp(Xi,s) o exp(Xi,Af) = o exp(Xi,Ar) 

is the Jordan decomposition oi j^ip. As a consequence Lp = 0o(0°(~^)o(^) 
is the Jordan- Chevalley decomposition of p. In particular we obtain 
'fu = (f)°^~^^ o p and the non-zero monomials of p and pu coincide. The 
rest of the proof is a simple calculation based on equation (|lD. D 

2.4. Linearization of vector fields and diffeomorphisms. Formal 
semisimple diffeomorphisms and vector fields are formally linearizable. 
If they are real we can also choose a real formal diffeomorphism as the 
linearizing transformation. 

Lemma 2.8. Let X G XfW^, 0) be a formal semisimple vector field. 
Then there exists a formal diffeomorphism tj e Diff (R*^, 0) such that 
r]*X = j^X. 

Lemma 2.9. Let ip G Diff (M", 0) be a formal semisimple diffeomor- 
phism. Then there exists a formal diffeomorphism rj G Diff (M", 0) such 
that ri°^~^' o p o rj = j^p. 



proof of lemmas \2.8i and ^.dj . Let us show lemma p.8| . The proof of 
lemma 2^ is analogous. Up to a real linear change of coordinates we can 
suppose that j^Xg is diagonal in coordinates (zi, . . . , z„). We obtain 
j^X = 'jiWid/dwi + . . . '-ynWnd/dwn in the coordinates {wi, . . . , Wn) in- 
troduced in this section. Suppose that X is of the iorm j^X + Xk + Yk+i 
where Xk is homogeneous of degree k and Ffc+i is a sum of monomials 
of degree greater than k. It suffices to prove that there exists a diffeo- 
morphism rjk G Diff (M", 0) such that rjlX = j^X + Xk+i + Yk+2 where 
Xfc_|_i is homogeneous of degree fc -f 1, Yk^2 is a sum of monomials of 
degree greater than fc + 1 and rjk — Id is a. sum of monomials of degree 
greater or equal than k. In this way we obtain rj = limfc_j,oo V2 ° ■ ■ ■ ° Vk 
in Diff (M", 0) such that ri*X = j^X. 

The vector field Xk is a sum of real vector fields of the form 

■^■'^ --^ = "' - '<' ■ ■ ■ <'ir, + ^<w ■ ■ ■ "'*)s4;- 

Indeed the vector field l)^ is real for any // G C (see equation (||)). 
Suppose that the monomials of f)A are not strongly resonant. Since 
we have [i)^,j'^X] = i)f,(^^-<^,a>) we define /x = X/{jj- < -f,a>) and 
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Xk,ai,...,a„,j,\ = ^^l■ We denote by X^ (resp. X°) the sum of the non- 
strongly resonant vector fields of the form Xk^ai,...,a„,j,x (resp. of the 
form Xk^ai,...,a„,j,\)- Consider the real diffeomorphism r^^ = exp(— X^). 
We obtain 

{vt'^yj'x = j'X + [XIj'X] + i[x°, [xlfx]] + ...= 

= fX + X° + h.o.t. 

Moreover we obtain {r]°J-~^^)*{j^X + Xk - X^) = j^X + Xk + h.o.t. 
Hence rjlX = j^X + Xk - X^ + h.o.t. The vector field rj^X is still 
semisimple. We obtain 

ivix)k = j'X + (X, - X°) 

as the Jordan decomposition (see equation (|])) of {rilX)^ since j^X is 
semisimple, Xk — X^ is nilpotent and [j^X.Xk — X^] = (see eq. (|^)). 
Since {rilX)k is semisimple and the Jordan-Chevalley decomposition is 
unique we obtain Xk — X° = 0. D 

Remark 2.5. Let us notice that a simpler version of the previous proof 
shows that a formal semisimple vector field in X(C", 0) is formally 
linearizable. 

3. Embedding flows 

Given ip G Diff {W^, 0) we can consider whether it is embedded in 
the fiow of a formal vector field in Af(C", 0) or A'(R", 0) . A priori 
these properties could be different. Indeed real diffeomorphisms can 
be embedded in the flows of non-real vector flelds, for example we 
have Id = exp{27rizd/dz). Since Jordanization interprets elements of 



A'(R'^,0) as formal vector flelds in A'(C", 0) theorem ^]3|justifles our 
approach. 



proof of theorem 17^. Let X = Xg + Xn be the Jordan-Chevalley de- 
composition of X. Since exp(Xs) is semisimple (and then formally 
linearizable) and exp(X7v) is unipotent we obtain (ps = exp{Xs) and 



ipu = exp(X7v). We have logy:>u = X^ by lemma |2]^. Indeed ifu and 
Xtv are real. The difficulty of the proof is that Xg is not necessarily 
real. 

We denote a = Re{Xs) and /3 = Im{Xs). In fact a and /3 are 
elements of A'(M"', 0) such that Xg = a + i/3. By lemma ^]3| it suffices 
to prove (f = exp{as + logipu) where a^ is the semisimple part of a. 

We have 

[Xs,Xn] = ^ [a,XN] = and [/3,X^] = 0. 
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Moreover since j^X, j^Xs are real then j^a = j^Xg and j^/3 = 0. We 
obtain expitX^Ya = a for any t G C as a consequence of [a, X^] = 0. 
The uniqueness of the Jordan-Chevalley decomposition 

exp(tXjv)*(as + a^) = exp(tXAr)*(as) + exp(tX7v)*(aAf) = as + a^ 

imphes exp{tX]\r)*{as) = Os for any t G C. We deduce [a^jX^r] = 0. 
We have (p*s{X) = X since [Xs,X] = and ips = exp(Xs). Thus we 
obtain {p*{Xs) = Xg and ip*{XN) = Xn by uniqueness of the Jordan- 
Chevalley decomposition. Since ips is real we have ip*a = a and then 
ip*as = as- We deduce the equality (ps o exp(as) = exp(as) o ip^. 
Moreover, j^a = j^Xg is semisimple; thus we get j^ag = j^Xg. 

Let us show that ips = exp(a;s). Since we have j^^Ps = J"^exp(as) 
then the formal diffeomorphism rj = exp(— a^) o ip^ is unipotent. The 
diffeomorphisms ips and exp(Q;s) commute, we obtain 

ips = iPsoId = exp(as) o V 
two Jordan-Chevalley decompositions of ips- We deduce ips = exp(Q;s). 
We define Y = Us+logipu- It satisfies j^Y = j^ag+j^X^ = j^X. Then 
[as,XN] = implies exp(F) = exp(as)oexp(logv9„) = (ps°<Pu = ^P- □ 

Example. It is clear that there are elements (p of Diff (R", 0) that 
can be embedded in flows in X{C^, 0) but not in flows in X(W^', 0) . 
An example is provided by (p = {—zi, zi — Z2) since the linear operator 
ip is embedded in the flow of nizid/dzi + {—Zi + mz2)d/dz2 but not 
in a real one. Indeed Jordan blocks associated to negative eigenvalues 
of real matrices with real logarithms appear pairwise [Q . But even in 
the class of diffeomorphisms in Diff (R", 0) whose linear part has a real 
logarithm it is possible to find elements that are embedded in flows in 
X[C^, 0) but not in flows in A'(R", 0) . Next we introduce an example. 

Consider /^^ = -2 + y227rz, /^a = -2 - ^/22'Ki, /^g = 3 + (1 - 4\/2)7ri, 
/i4 = 3 — (1 — 4\/2)7rz. A simple calculation provides that the Z-module 

V = {{mi, 1712, f^s, "^4) ^ ^^ : mi/ii + m2/i2 + ^3/^3 + m^fi^ G 27!-iZ} 

is equal to Z(3, 3, 2, 2) +Z(5, 1, 3, 1). We define fi[ = /ii —Ani, /ig = /i2, 
f^3 = /^3 + 6vri, /i4 = /i4. We obtain 

min[ + m2/i2 + m^fx'^ + 1714^11'^ = V(mi, m2, m^,, m^) G V. 

On the contrary we have 

(8) 5/i" + /i2 + SyUg + fi'ly^ 0. 

for any choice of logarithms /i'/, /i2, fi'^, n'l of e^^, e^^, e^^ , e^* respec- 
tively such that n'l = /X2, fi'^ = ^'l- Otherwise if //'/ = /ii — 27iiki and 
/^3 = 1^2, — 2nik2 we obtain 4/ci + 2/c2 = 1 for some ki,k2 G Z. 
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Consider the linear diffeomorphism ip^ defined by 

(~2zi - 7rv^^2, vrv^zi - 2^2, 3^3 - (1 - 4^2)71^4, (1 - 4^2)7123 + 8^4 

By considering a real logarithm B of ip^ we can introduce coordinates 
(wi, W2, u^3, ^^4) such that (pQ = {e^^Wi, €^^^102, e^^Ws, e^^W/s) as in section 
|2.3| . These coordinates do not depend on the choice of the matrix B 
since the decomposition of C^ as direct sum of eigenspaces of B does 
not depend on B. Indeed it coincides with the analogous decomposition 
associated to ipQ. Consider 

p = {e^^wi + wlw2wlwi, e^^W2 + wiwlw'iwl, e'^'^w^, e'^'^w^). 

It is a real hyperbolic element of Diff (M^,0). We have that ip is em- 



bedded in a formal flow of linear part Ylj=i fJ-'jWjd/dwj by theorem LI 
The monomials wfw2wlw4ei and wiW2W3wle2 are weakly resonant for 
any choice of a real logarithm of p>o by equation (^. Therefore p> is 
not embedded in a flow in A'(R^, 0) by theorem |1.5| (remark that Xi_jv 
is a vanishing vector field). Of course ^,-=1 fi'jWjd/dwj is not real. We 
can enlarge the class of embeddable diffeomorphisms by considering 
non real logarithms of the linear part but if the linear part of the log- 
arithm is real theorem |1.3 implies that we can not enlarge the class 
of embeddable diffeomorphisms by trying to consider non real formal 
flows. 

A classical way of obtaining normal forms for local holomorphic vec- 
tor fields and diffeomorphisms is by considering changes of coordinates 
in which the semisimple part is linear. We apply this ideas to char- 
acterize whether or not a diffeomorphism in Diff (R",0) or Diff (C",0) 
is embedded in a formal flow X. The embeddability of the diffeomor- 
phism is equivalent to the existence of a strongly resonant normal form. 



proof of theorem \1.4\ - Let us prove the result for p> G Diff (M", 0). The 
proof for p> in Diff (C", 0) is simpler. 

Suppose that <p = exp(X) with X e X{W, 0) and j^X = Xi. Con- 
sider the Jordan- Che valley decomposition X = X^ + Xjv of X. We 
have j^Xg = Xi .,. The proof of lemma ^]8| implies the existence of a 

tangent to the identity r^ G Diff (R",0) such that r/*X, = j^X,. We 
have 



N 



ri°^ 'oiporj = exp(?7*X) = exp{Xi^s + V*^N) = exp(Xi^s) oexp(?7*X 

Moreover ri*X]sf is strongly resonant since [Xi^g, r]*X]\i] = (remark 
Ol) . Thus exp(?7*Xjv) is strongly resonant. Since exp(Xi ,,) is diagonal 
then r]°^^^' o pi o r] is strongly resonant. 
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Suppose that (^ = ry°(~^) o ip o rf is strongly resonant. We define 
(p = exp(-Xi_s) o (p. Since jV = (jVJ°^""^^ ° j'V = jV« then (p is 
unipotent. Moreover (^ and exp(Xi s) commute; thus (^ = exp(Xi^s) o0 
is the Jordan- Che valley decomposition of if. We apply lemma |2.7| to (^ 
to obtain that log0 G X{W^,0) is strongly resonant. This implies the 
key property [Xi^^, log 0] = (remark p73D . We denote X = Xi^^+log (p. 
We obtain 

7]°^'^' o (f o 7] = exp(Xi ,,) o exp(log0) = exp(Xi ,, + log0). 

We have j^{Xi^s + log0) = Xi^^ + j^ logipu = Xi by lemma pl2| . Thus 



if is of the form exp(?7^.X) where ?7^,X G A'(M'^, 0) and j^rj^^X = Xi. D 

Remark 3.1. Consider the case y? G Diff (M",0) and Xi G A'flR",0; 
m theorem \1.^ . Then a normalizing map rj G Diff (C", 0) implies that 



(p has an embedding flow whose first jet is equal to Xi by theorems \L4 
and\T73i. 

As an application of Jordanization techniques we present a new, 



simpler proof of theorem |0|. The idea is that if a diffeomorphism 
is embedded in a flow X then the linearization of its semisimple part 
Xs provides a strongly resonant expression. We can always obtain a 
resonant expression of (f by linearizing ips- The hypothesis implies that 
these concepts are the same. 

proof of th. |ITJ. Let us suppose that ip and Xi are real in order to 
prove the existence. The general case is simpler. Up to a real linear 
change of coordinates we can suppose that Xi^s is diagonal in coor- 
dinates (zi,...,z„). Let {wi, . . . ,Wn) be the system of coordinates 
introduced in section pl3| . In particular ipi^g = exp(Xi_s) is diagonal. 
Consider the Jordan-Chevalley decomposition 

of (p. There exists a tangent to the identity rj G Diff (M", 0) such that 
'q°(-'^) o ip^ o rj = j^p>s by lemma |2.9| . We denote (p = r/°(~^) o ip o rj. 
Since p> commutes with (ps = j-'^exp(Xi ,,) then (p is resonant (rem. 
2^). Moreover the properties [Xi_5,Xi] = and j^(p = exp(Xi) imply 



that j^ip is strongly resonant. In particular ip is strongly resonant by 
hypothesis. There exists X G i'(R",0) with j^X = Xi such that 
<p = exp(X) (th. g. 

We have to prove that ip = exp(X) = exp(F) and j^X = j^Y = Xi 
imply X = Y. Let X = X^+Xat, F = F^ + Yat be the Jordan-Chevalley 
decompositions of X, Y respectively. We have j^Xg = j^Yg = Xi^s, 
exp(Xs) = exp(K,) and X^r = Yj^ = logipu- Up to a formal change of 
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coordinates we can suppose that Xg = j^Xg (lemma ^]8| and remark 



2151) . There exists a formal tangent to the identity diffeomorphism 

T] G Diff(C",0) conjugating Xg = j^Xg and Yg (remark pTSl) . We 
obtain 

rj o exp{Xg) = exp(y^) o r] =^ r] o j ^s = J V^ ° V- 

Hence rj is resonant (remark \2.4\ ) and by hypothesis strongly resonant. 
Thus we obtain Yg = rj^j^Xg = j^Xg = Xg and X = Y. D 



proof of theorem \l.l\. We include Zhang's proof for the sake of com- 



pleteness. Let (^ G Diff (R"-, 0) be the asymptotic development of 
(p. Consider the element X of Af(]R", 0) such that (p = exp(X) and 
j^X = Xi provided by th. [Tg. Let X' be an element of A'oo(M",0) 
whose asymptotic development at the origin is equal to X. The hy- 
perbolic diffeomorphisms if and exp(X') are formally conjugated by 
the identity. Two formally conjugated hyperbolic C°° local diffeomor- 
phisms are conjugated by a local C°° diffeomorphism (Chen [^]). There 
exists V G Diff oo(M", 0) such that (p = v°^~^'> o exp(X') o v. We obtain 
(fi = exp(X) for X = exp{v*X') G X^{W, 0) . D 

It is interesting to study to what extent weakly resonances are ob- 
structions for diffeomorphisms to be embedded. In this spirit we want 
to address a conjecture by Zhang. Let A be a hyperbolic matrix in 
GL{n, M) and let i? be a real logarithm of A. 

Conjecture. |19| If f{z) = 0{\z\'^) is C°° (resp. analytic) and it has 
a non-vanishing weakly resonant monomial w™^ . . . w'^^Cj (with respect 
to B), then the locally hyperbolic diffeomorphism f{z) = Az + f{z) is 
not embedded in a C°° (resp. analytic) flow. 

The conjecture as stated is false and we provide two counterexamples 
given by resonant diffeomorphisms. 

3.1. Building examples. We explain a method to obtain non- vanishing 
weakly resonant monomials for embeddable diffeomorphisms even if 
the diffeomorphism is resonant. Let us consider Xg a real linear diag- 
onal vector field. Consider a real nilpotent vector field X^ such that 
[Xs,X7v] = 0. In particular X^ is strongly resonant. We also suppose 
that Xjv is homogeneous of degree k. It is clear that 

V? = exp(X5 + Xtv) = exp(Xs) o exp(X7v) = exp(X7v) o exp(Xs) 

is embeddable in Diff (M", 0). Consider r/ = Id+T]i G Diff (M", 0) (/ > 2) 
where rji is a homogeneous weakly resonant endomorphism of degree /. 
It is clear that r]°^~^^oipor] is embeddable in Diff (R", 0). Moreover if j^v^ 
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is hyperbolic then any G Diff oo(IR", 0) whose asymptotic development 
coincides with ({> is embeddable by Chen's theorem [Q. 

We denote ag = exp(Xs). Since t] is resonant then rj"^'^^ oasorj = as 
(remark |2.4|) . Moreover we have 



(9) r]*XN = Xn + [logr],XN] + ^[logf], [logr/,X,v]] + ■ • ■ 

It is natural to try to find a weakly resonant Y = w^'^ . . . w^"d/dwj of 
degree / such that [Y, X^] y^ 0. Then [Re{Y)+iIm{Y), Xn] ^ (see eq. 
(I)) implies either [Re(Y),XN] ^ or [/m(F),X^] ^ 0. Anyway there 
exists a real weakly resonant homogeneous vector field Y' of degree / 
such that [y,XAr] ^ (lemma p.5| ). We define t] = j'exp(y). The 



formula (|^) implies that ri*X]y is of the form X^ + [Y',X]y] + Zi^^ 
where [Y', Xj\f] is weakly resonant and homogeneous of degree 1 + k — 1 
by lemma ^]B| and Zi^^ is a sum of monomials of degree greater or equal 
than / + k. Therefore r]*XN is not strongly resonant. On the contrary 
r]*Xisf is resonant since 

a*(?7*XAr) = ir]o UsYXn = {as o r]yXN = 77*(a*XAr) = r]*XN. 

The second equality is as consequence of the resonant nature of rj. We 
deduce that exp(r7*Xjv) is resonant but not strongly resonant by lemma 
13 Thus 

ri°^~^' oifOT] = {1]°^^^' o a^ o r/) o {7]°^^^' o exp{X]\f) orj) = asO exp(r7*Xjv) 

is embeddable, resonant but not strongly resonant. 

Next we provide a condition on the eigenvalues of Xg that guaran- 
tees that the previous method can be applied. Roughly speaking the 
condition is equivalent to the existence of infinitely many independent 
weakly linear monomials. 

Lemma 3.1. Let Xg G A'(lR",Oj be a linear diagonal vector field. Let 
7^ Xn G A'fiR", 0) be a homogeneous nilpotent vector field such that 
[Xs,Xn] = 0. Suppose that Xn is strongly resonant. Suppose that 
the eigenvalues 71, . . ., 7„ of Xg satisfy ^?=i"^j7j ^ 27riZ* for some 
{nil, ■ ■ ■ , "^n) G (N U {0})". Then there exists a weakly resonant mono- 
mial vector field Y such that [Y,Xn] 7^ 0. 

The resonances are considered with respect to Xs. 

Proof. We denote X^ = X]n=i bq{wi, . . . ,Wn)d/dwq. Every monomial 
vector field Wkj = (w™^ . . .w^")^Wjd/dwj is weakly resonant for all 
k > 1 and 1 < j < n. It suffices to prove that we can not have 
[Xn, Wkj] = for all fc > 1 and 1 < j < n. 
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The property [Xjy, Wk,q]{wj) = for g 7^ j implies dbj/dwg = 0. In 
particular bj depends only on Wj for any 1 < j < n. Let d be the 
common degree of the polynomials 61, . . ., 6„. The polynomial bj is of 
the form XjWj for some Xj G C and any 1 < j < n. We have d > 2, 
otherwise we would get X^ = since Xn- is nilpotent. The property 
[X^r, Wkj]{wj) = implies 

\jdwj = 2^ \qkmqWg~^Wj + \j{kmj + l)w^ 

for any A; G N. We deduce A^ = for any 1 < j < n. We obtain 
Xjv = contradicting the hypothesis. D 

3.2. Example. We consider 

or 

d /7r\ 9 /7r\ d 



Xs = -2wi- — + [l + -i] W2t: — + 1 - TtM ^3 



dwi V 2 / (9^2 ^ 2 / dw^ 

in coordinates (wi, W2,'U^3)- We have p(l) = 1, p(2) = 3 and p(3) = 2. 
The monomial Xn = w'lw2W^d/dwi is real, nilpotent and strongly 
resonant. The monomial Y = Wiw^d/dw2 is weakly resonant. We 
define Y' = wiwld / dw2 + wiw^d/dw^. We obtain 

\Y , XjvJ = [w^w^ + ^1^2)^ W1W2W3- W1W2W3- 



9wi (9^2 <9w3 

We define 

T] = j^exp(F') = {wi, W2 + wiwl, ws + W1W2). 

and ip = exp(Xs + r7*Xjv). We obtain ip = {ipi, ip2, v^a) with 

ipi = e^^(wi + w\w2W^ + ^1^2 + '^I'^t + '^I'^l'^l) + • • • , 

^2 = e'+-'/\w2 - wlw2wt) + . . . , v^3 = e^-^''\w, - wlw'^W;,) + ... 

The diffeomorphism ip is real, hyperbolic, resonant and embedded in 
an analytic flow by construction. There are 4 non-zero weakly resonant 
monomials of if of degree 7. Notice that the non-linear monomial of 
lowest degree, i.e. e~'^w\w2W^ei is strongly resonant. The next example 
shows that we can find weakly resonant monomials even at the lowest 
degree. 
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3.3. Example. Let us consider a example with X^ of degree k = 1. In 
particular Xg + X^ is a real non-diagonalizable linear operator. Then 
either all the eigenvalues of Xg + X/^r are real (and the eigenvalues are 
not weakly resonant) or n > 4. 

Let us fix n = 4. Consider the vector field 

d . X d f -K \ d fix \ d 

The Jordan Chevalley decomposition X = Xg + Xj^ of X is given by 
Xn = Xi9/c?X2 and Xg = X — X^. The vector field X is of the form 

X = 8wi- — + (wi + 8^2)7^ — + 1 + -z Wst: — + (l- -i]w4- 



dwi dw2 V 4 / dw3 V 4 / 9w4 



in the coordinates (wi, . . . ,W4) introduced in subsection ^l3| . We have 

p(l) = 1, p(2) = 2, p(3) = 4 and p(4) = 3. The list of weakly resonant 

monomials is 

c, d f, d ad , c <9 
Wn- — , w^- — , Wn- — and w 



^ dwi ' ^ dwi ' '^ dw2 """ "* dw2 

8 



We define the real vector field Y' = (wf + wf}d/dwi. We denote 
f] = exp(y). We have 



[Y\X^ 



N 






{wl + wl) 



dw 



2 



dwi ' dw2 

We obtain ?7(t(7i, W2, w^, w^) = (wi + w| + wf, W2, w^, w^). Formula (||) 
implies ri*X^ = {wi+wl+wl)d/dw2- We denote (f = r]°^~^^oexp(X)or]. 
We obtain 

if = {e^wi, e^W2, e^+?'w3, e^~^'w4) o (w^, wi + W2 + wf + wf, w^, W4) 

The diffeomorphism (p is real, hyperbolic, resonant and embedded in 
an analytic flow by construction. In spite of this all the non-linear 
monomials are weakly resonant. Zhang's conjecture does not hold true 
in this case. 

3.4. Resonances as an obstacle to embed diffeomorphisms. In 

spite of the previous examples we prove theorem [L^. It can be inter- 
preted as a version of Zhang's conjecture. 

Let us discuss the optimality of the conditions in the theorem. The 
examples represent two different kind of obstructions to get a posi- 
tive result. The example in subsection p]2| satisfies j^Xi ^r = 0. It is 
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embeddable and it contains weakly resonant monomials immediately 
above the lowest degree of non-linear non- vanishing monomials. It does 
not satisfy (a) since the lowest degree non-vanishing weakly resonant 
monomials have degree 7 but f^ 7^ 0. It does not satisfy (b) either since 
Wiw^e2 is a weakly resonant monomial of degree 2 < 4 < 7— 1. Notice 
that (p does not have weakly resonant monomials of degree 4. Weakly 
resonances of lower degree provide multiple choices for the semisimple 
part of the embedding flow that can make the diffeomorphism ip to 
be embeddable. Such an example justifies the need of restricting our 
study to diffeomorphisms satisfying (a) or (b). 

The existence of weakly resonant vector fields Y with [Xi /^r, F] 7^ 
allows to proceed as in the example |3]^ to obtain embeddabble dif- 
feomorphisms having non- vanishing weakly resonant monomials of the 
lowest degree. The example in section |3]^ satisfies both (a) and (b). 

The examples can be considered as a classification of the type of 
counterexamples to the original conjecture. 

proof of theorem |j.4 Let p G Diff (C", 0) be the asymptotic develop- 
ment of p. Suppose that p = exp(X) for some X G A:'oo(M",0) (or 
A'(R", 0) , ;r(C", 0) ) with j^X = Xi. Let X G A'(C", 0) be the asymp- 
totic development of X. We have p = exp(X). It suffices to prove that 
p is not embedded in a formal flow X with j^X = Xi. 

Consider the Jordan- Che valley decomposition p = pgO p^ oi p. We 
have V5i,s = j^fs = exp(Xi ,,) and j Vu = exp(Xi_7v)- As a consequence 
pi^s = j^Ps is diagonal. We have 

V^s = V^i,. + A2 + A3 + ..., pu = 'fi,u + B2 + Bs + ... 

where Aj and Bj are homogeneous of degree j for j > 2. The dif- 
feomorphism pk-i (see eq. (0)) commutes with pi^g by hypothesis 
(remark |2.4| ). Since the Jordan- Chevalley decomposition is compati- 
ble with the filtration in the space of jets we obtain j^~^Ps = fi,s or 
the equivalent property A2 = . . . = Afc-i = 0. Let us remark that 
all the non- vanishing monomials of Ak are nonresonant; otherwise ps 
is not linearizable. The vector field Xi^n is strongly resonant since 
[Xi_s,Xi_Ar] = (remark |27^). Therefore pi^u is strongly resonant, it 
preserves resonant and nonresonant polynomials. Then Ak o pi^^ is a 
sum of nonresonant monomials. Since fk = A^o p^^u + V'l.s ° B^ the ex- 
pression px^s o Bk has non-vanishing weakly resonant monomials. The 
same property holds true for B^,- 

Let Xi 7v + C'2 + C'3 + - • • be the homogeneous decomposition of Xo^pu- 
Since pk-\ = ^i,s°iPi s °V^fc-i) is the Jordan-Chevalley decomposition 
of Pk-i then pi^u + B2 + . . . + -Bfc-i is strongly resonant. We obtain 
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that Xi^iv + C2 + ■ ■ ■ + Ck-i is strongly resonant by using equation (|l]). 
Let B^ and C^ be the sum of the weakly resonant monomials of B^ 
and Ck respectively. It is easy to check out that 

exp(Xi,^ + C2 + ... + CU-1 + {Cu - C^)) 

is of the form ipi^u + -B2 + ■ ■ ■ + Bk-i + YlT=k ^3 where Bk is a sum 
of nonresonant and strongly resonant monomials. As a consequence 
5^ 7^ imphes Ck^Ck- C^ and C^ ^ 0. 

Consider the decomposition X = Xg + X^ of X. Since exp(Xs) 
is semisimple and exp{X]\f) is unipotent we obtain ips = exp(Xs) and 



(fu = exp(XAr). We have log(pu = X^ by lemma |2^ . 

Suppose that (a) holds true. We obtain B2 = ■ ■ ■ = -Bfc-i = and 
then C2 = . . . = Ck-i = 0. We denote X, = Xi,, + X^ + X^ + . . . 
where X^ is homogeneous of degree j for any j > 2. Let us calculate 
the degree k component Dk of [Xs,logv9„] = 0. We obtain 



= A = [Xi,„Cfc] + [X^Xi 



N 



Suppose that (b) holds true. Since j^'^f^s = Vi,s and v^*Xs = X^ 
we deduce that X^, . . ., X^~^ are resonant. Condition (b) implies that 
they are also strongly resonant. We claim that X^ = . . . = X^~^ = 0. 
Otherwise {Xs)j = {Xs)j + = Xi ^ + X^ are two different Jordan- 
Chevalley decompositions for j = min{/ G {2, . . . , A; — 1} : X^ 7^ 0} 
(see equation (|)). Again we obtain 



= A = [Xi,„Cfc] + [X^Xi 



N 



The hypothesis on Xi at and lemma ^^ imply that [X^,Xi at] does 
not contain non-vanishing weakly resonant monomials. But clearly 
[Xi ,,, Ck] does since C^ 7^ (rem. |273|) . We obtain a contradiction. D 

Remark 3.2. Let us remark that the condition on Xi jy can be weak- 
ened. It is obvious from the proof that it suffices to require [Xi^at, F] = 
for any homogeneous weakly resonant vector field Y of degree k. 

Corollary 3.1. Let A G (^-^(SjIR) and let Xi be a real logarithm of A 
such that Xi^s is diagonal. Then any diffeomorphism ip = Az + /^ + . . . 
in Diff (^(R"', 0) (resp. Diff (R'^, 0)j such that fk contains non-vanishing 
weakly resonant monomials is non-embeddable in the flow of a vector 
field X e A'oofM", 0; (resp. X(W, {)) ) such that j^X = Xi. 

This is a consequence that for n = 3 either all the eigenvalues of Xi 
are real (and there are no weakly resonant monomials) or Xi jy = 0. 
There exists a version of the result using property (b) instead of (a). 
Notice that for n = 2 if A is hyperbolic and has a real logarithm then 



if in Diff 00 (R", 0) is always embeddable in a C°° flow [jT9 
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Example. Consider the diffeomorphism y? G Diff (M^, 0) defined by 

o O o Z\Zt2 Z\Zo O 9 

e zi, -ezs - -212:22:3 + ^T' ^2:2 + — -^12:2^3 

The eigenvalues of j^^p are e^^, e^^^^*/^ and e^"'^*/^. We consider the 
change of coordinates zi = wi, zi = W2 + W3, z^ = i{—W2 + w^) (see 
eq. (^)). We obtain 

{fip){wi,W2,W3) = (e~^wi,e^+^W2,e^"^W3 



All eigenspaces oi j^(p are one dimensional, hence any logarithm Xi of 
j^if is diagonal and Xi tv = 0. The eigenvalues of Xi are of the form 
III = —2 + Iniki, /i2 = 1 + 7ri/2 + 27riA;2 and /is = 1 — 7ri/2 + 27ri/i;3 for 
some ki,k2,k3 G Z. We have 

(p{wi, W2, W3) = (e~'^wi, e^~^^W2 + Wiwl, e^'^w^ + Wiwlj . 

The diffeomorphism cp is resonant. Since 

(/ii + 3fi2 - /is) - (/^i - /i2 + 3/i3) = 47ri(l + 2(A;2 - ^3)) 

either Wiw|e2 or wiW2es is weakly resonant for any choice of Xi (or 
equivalently for any choice of ki,k2,k3 G Z). Condition (a) implies 
that (f is a. real hyperbolic diffeomorphism that is not embedded in a 
flow of A'oo(M", 0) , X{W, 0) , ;f(C", 0) or i'(C", 0) (th. [ij). 
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